Abstract. In the present paper we discuss the boundedness of the maximal operator in the Lorentz space of variable exponent defined by the symmetric decreasing rearrangement in the sense of Almut [1] . As an application of the boundedness of the maximal operator, we establish the Sobolev inequality by using Hedberg's trick in his paper [10] .
Introduction
In this paper we use B (x, r) to denote the open ball centered at x of radius r > 0. The volume of a measurable set E ⊂ R n is written as |E|. Given a measurable function f on R n , recall the symmetric decreasing rearrangement of f defined by
where E ⋆ = {x : |B(0, |x|)| < |E|} and E f (t) = {y : |f (y)| > t} (see Almut [1] ). Note here that f
where f * is the usual decreasing rearrangement of f . The fundamental fact of the symmetric decreasing rearrangement of f is that |E f (t)| = |E f ⋆ (t)| for all t ≥ 0. This readily gives the rearrangement preserving L p -norm property such as
for 1 ≤ p ≤ ∞. For fundamental properties of the symmetric decreasing rearrangement, we refer the reader to the Lecture Notes by Almut [1] ; see also his papers [2, 3] . For variable exponents p, q, the Lorentz space L p,q (R n ) is defined as the set of all measurable functions f on R n with ∥f ∥ L p,q (R n ) = inf { λ > 0 :
Noting that The following is known as Riesz' inequality (see Almut [1, §1.3] ).
Lemma 2.3. For all nonnegative measurable functions f, g and h on
where
Lemma 2.4. For all nonnegative measurable functions f on R n ,
where C is a positive constant independent of f .
Proof. Set r 0 = (I α f ) ⋆ (x). For 0 < r < r 0 , write
We have
which gives the required inequality. □ Remark 2.5. In case α = 0, I α might be replaced by the singular intergal operator (see [4] and [8, Theorem 3 .14]).
Lorentz spaces of variable exponents
A function p on R n is said to be log-Hölder continuous if (P1) p is locally log-Hölder continuous, namely
with a constant C 0 ≥ 0, and (P2) p is log-Hölder continuous at infinity, namely
with constants C ∞ ≥ 0 and p(∞). Let P(R n ) be the class of all log-Hölder continuous functions p on R n . If in addition p satisfies
then we write p ∈ P 1 (R n ).
as the set of all measurable functions f such that
4. The boundedness of maximal operator in Lorentz spaces of variable exponents
Throughout this paper, let C denote various constants independent of the variables in question. For functions f, g, we write f ∼ g if there is a constant C > 1 such that
We first show the boundedness of the maximal operator in the weighted L q (·) space along the same lines as in [13] , which is an extension of Diening [7] and Cruz-Uribe, Fiorenza and Neugebauer [6] .
With the aid of Lemma 2.2, we obtain the following result.
Our Theorem 4.1 is a special case of Theorem 1.1 in Hästö and Diening [9] (see also Cruz-Uribe, Diening and Hästö [5] ). For the reader's convenience, we give a proof of Theorem 4.1. To do so, we prepare several lemmas in the same way as in [11] and [13] .
Proof of Theorem 4.1
Let us begin the well-known fact for the boundedness of maximal operator; see Diening [7] and Cruz-Uribe, Fiorenza and Neugebauer [6] .
To show this, we apply Diening's trick with the aid of the following result (see e.g. [11] ).
,
. Then there exists a constant C > 0 such that
We next consider the weighted case.
For a measurable function f on R
n , set
|f (y)|dy and
for all x ∈ B(0, r 0 ) and
Proof. Let f be a nonnegative measurable function on R n such that f = 0 outside B(0, 2r 0 ) and ∥f ∥ L t,q (R n ) ≤ 1. By Hölder's inequality we have
If r ≤ |x|/2 < r 0 /2, then |y| ∼ |x|, and moreover
for x ∈ B(0, r 0 ), y ∈ B(x, r) and p ∈ P(R n ) by (P1). Hence, in this case,
since t(0) < n(q 0 − 1) and 1 < q 0 < q(0).
Finally, if r > 2|x| and |x| < r 0 , then
Now the present lemma is obtained. □
Remark 5.5. Let q ∈ P 1 (R n ) and t ∈ P(R n ). Suppose
Then it is worth to see that ∫
Next we treat the Hardy type operator H along the same manner as in [13] .
Lemma 5.6. Let q ∈ P 1 (R n ) and t ∈ P(R n ). For a measurable function f on R n and β ≥ 0, set
for all x ∈ B(0, 1) and f with ∥f ∥ L t,q (R n ) ≤ 1.
Proof. Let f be a nonnegative measurable function on R n with ∥f ∥ L t,q (R n ) ≤ 1. Set
Noting
Moreover, by taking 0 < δ < ε, we see that
so that
which completes the proof. □
In fact, letting 0 < δ < ε < (n + t(0))/q(0), we find from Lemma 5.6 ∫ B(0,1)
Collecting Corollaries 5.4, 5.7 and Lemma 5.1, we obtain the following result.
To show this, take r 0 > 0 such that 1 < q 0 < inf x∈B(0,r 0 ) q(x) and −n < t(0) < n(q 0 − 1), and apply Corollaries 5.4, 5.7 and Lemma 5.1.
Next we treat the behavior of maximal functions near the infinity. In the same manner as Lemma 5.3, we can prove the following result. Lemma 5.10. Let q ∈ P 1 (R n ) and t ∈ P(R n ). For a measurable function f on R n and β ≥ 0, set
Then there exists a constant C > 0 such that
for all x ∈ R n \ B(0, 1) and f with ∥f ∥ L t,q (R n ) ≤ 1.
Proof. Let f be a nonnegative measurable function on
Thus the proof is completed. □
In fact, letting 0 < ε < (n + t(∞))/q(∞) 2 , we find from Lemma 5.10 ∫
Remark 5.12. Let q ∈ P 1 (R n ) and t ∈ P(R n ). Suppose
−n < t(∞) < n(q(∞) − 1).
Then, as in Remark 5.5, it is worth to see that ∫
By Lemma 5.1, Lemma 5.9 and Corollary 5.11, we have the following result.
Proof of Theorem 4.1. We now show the boundedness of the maximal operator. To do so, take a nonnegative measurable function f on R n with ∥f ∥ L t,q (R n ) ≤ 1. Let r 0 and R 0 be as in Lemma 5.8 and Lemma 5.13.
By Lemma 5.8 we have ∫
By Lemmas 5.6 and 5.10 we see that
Further, noting from Remarks 5.5 and 5.12 that
In view of Lemma 5.13, we find ∫
by Lemmas 5.6 and 5.10, we establish ∫
. Now the proof is completed. □
Sobolev's inequality in Lorentz spaces
As an application of Theorem 4.1, we establish the Sobolev type inequality for Riesz potentials by use of Hedberg's method in [10] .
For q ∈ P 1 (R n ), set
Then there exists a constant C > 0 such that
With the aid of Lemma 2.4, we find the following result.
To prove Theorem 6.1, we need several lemmas. for all x ∈ R n , 0 < r < 2|x| and f ≥ 0 with ∥f ∥ L t,q (R n ) ≤ 1.
Proof. Let f be a nonnegative measurable function on R n such that ∥f ∥ L t,q (R n ) ≤ 1. when 0 < r < 2|x|. For f 3 , take 1 < q 0 < inf x∈R n \B(0,R 0 ) q(x) with −n < t(∞) < n(q(0) − 1). We have by the above arguments and the proof of Lemma 5. 
